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Abstract.
Microwave-frequency superconducting resonators are ideally suited to perform
dispersive qubit readout, to mediate two-qubit gates, and to shuttle states between
distant quantum systems. A prerequisite for these applications is a strong
qubit-resonator coupling. Strong coupling between an electron-spin qubit and
a microwave resonator can be achieved by correlating spin- and orbital degrees
of freedom. This correlation can be achieved through the Zeeman coupling
of a single electron in a double quantum dot to a spatially inhomogeneous
magnetic field generated by a nearby nanomagnet. In this paper, we consider
such a device and estimate spin-resonator couplings of order ∼ 1 MHz with
realistic parameters. Further, through realistic simulations, we show that precise
placement of the double dot relative to the nanomagnet allows to select between
a purely longitudinal coupling (commuting with the bare spin Hamiltonian) and
a purely transverse (spin non-conserving) coupling. Additionally, we suggest
methods to mitigate dephasing and relaxation channels that are introduced in
this coupling scheme. This analysis gives a clear route toward the realization of
coherent state transfer between a microwave resonator and a single electron spin
in a GaAs double quantum dot with a fidelity above 90%. Improved dynamical
decoupling sequences, low-noise environments, and longer-lived microwave cavity
modes may lead to substantially higher fidelities in the near future.
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1. Introduction
After nearly two decades of development, a wide
range of quantum-information-processing devices with
complementary capabilities have emerged [1, 2]. For
example, qubits based on superconducting elements
now show exceptionally high-fidelity quantum logic
operations, regularly exceeding the fidelity of ∼ 99%
required for fault-tolerant quantum computation [3, 4,
5]. This level of control has now enabled multiple
rounds of error correction to protect against bit
flips [6], allowing for the protection of classical states.
Physical-qubit memory times for quantum states in
superconducting devices are, however, typically limited
to . 100µs. In contrast, spin qubits in semiconductors
show extremely long phase memory times without
error correction, reaching 870µs for electron spins in
GaAs quantum dots [7], 28 ms for electron spins in
silicon quantum dots [8], exceeding 0.5 s for electron
spins at phosphorus donor impurities in a silicon
device [9], and exceeding 30 s for nuclear spins at
phosphorus donors in the same silicon device [9].
Experiments showing a coherence time of 3 hours
for nuclear spins in isotopically enriched silicon (in
bulk) [10] suggest that current spin-qubit devices are
far from reaching any fundamental limit in memory
time. Transferring quantum information between
superconducting and spin qubits could provide obvious
advantages, maximizing both control fidelity and
memory time in a future quantum processor.
A natural intermediary between superconducting
qubits and spin qubits is a microwave resonator
[11, 12, 13, 14, 15, 16], which supports quantized
electromagnetic modes that leak out of the resonator
with rate κ. A prerequisite to using such resonators
for high-fidelity information transfer is that the qubit-
resonator system be in the strong-coupling regime,
g > κ, where g is the qubit-resonator coupling.
Several schemes have been proposed to achieve strong
coupling between a microwave resonator and qubits
encoded in one, [17, 18, 19] two, [20, 21] or three
[22, 23] electron spins in quantum dots, or encoded
in the electron and nuclear spins of phosphorus
donor impurities in silicon [24]. Readout of a
spin qubit through a combination of spin-to-charge
conversion and charge sensing with a microwave
resonator has been demonstrated experimentally [25].
Very recently, the strong-coupling regime has been
reached experimentally for a single spin in a carbon-
nanotube double quantum dot coupled to a microwave
resonator, although coherent transfer of quantum
information between these two systems has not yet
been demonstrated [26].
The direct magnetic coupling of a single spin to
the electromagnetic field of a microwave resonator
is weak, g . 100 Hz [27, 28]. To approach strong
coupling, the proposals and experiments listed above
therefore correlate the spin and charge degrees of
freedom through spin-orbit coupling, [17, 25] exchange
coupling between spins in quantum dots, [20, 21, 22, 23]
or through spatially varying magnetic or exchange
fields from a nearby ferromagnet [19, 18, 26]. Large
exchange-field or magnetic-field gradients ∼ 1 T/µm
have been generated near quantum dots in carbon
nanotubes [26], GaAs quantum dots [29] and Si/SiGe
quantum dots [30].
In this paper, we consider a single spin in a
double quantum dot exposed to an inhomogeneous
magnetic field. In this configuration, the spin-
resonator coupling Hamiltonian can be divided into
two distinct terms: one that commutes with the
Zeeman Hamiltonian (longitudinal) and one that does
not (transverse). While the transverse coupling may
be used for quantum state transfer between the qubit
and the resonator, the longitudinal coupling could
be used in a novel two-qubit gate [21, 31, 32] and
in qubit readout [33] schemes introduced recently for
superconducting qubits. We evaluate the strengths of
these two couplings in a realistic GaAs/AlGaAs device
using simulations of the magnetic-field configuration
due to a nanomagnet. Proper placement of the
nanomagnet above the double quantum dot allows
for either a purely transverse or purely longitudinal
coupling. Finally, we investigate the additional
dephasing and relaxation channels that arise due to an
admixture of spin- and orbital degrees-of-freedom in
the presence of the nanomagnet [34]. We show how
a combination of dynamical decoupling and careful
optimization of parameters can lead to experiments
demonstrating a coherent state transfer between a
resonator and a single spin in a GaAs device with
a fidelity above 90%. Our analysis of error sources
also indicates that an even higher fidelity should be
achievable in silicon.
2. Spin-resonator couplings
In this section, we describe the physical setup under
consideration and derive the effective Hamiltonian
for a single electron spin in a double quantum dot
coupled to a microwave resonator. In addition to
the transverse (spin-non-conserving) coupling that has
been widely studied in the literature, we consider a
longitudinal (spin-conserving) spin-resonator coupling
and comment on some applications of this type of
coupling.
For concreteness, we consider the device illus-
trated in Fig. 1(c) consisting of a double quantum
dot capacitively coupled to a coplanar-waveguide res-
onator. In addition, we consider an inhomogeneous
magnetic field [Figs. 1(a,b)], and the associated Zee-
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man coupling. The electron then experiences a differ-
ent magnetic field Bl ≡
∫
dr|ψl(r)|2B(r) in the lowest
orbital state of dot l = L(R), for the left (right) dot
with the associated envelope function 〈r| l〉 = ψl(r).
Here, we take the direction of the average magnetic
field B ≡ (BL + BR)/2 to define the z axis through
the Zeeman field, g∗µBB = bzˆ (with g-factor g∗, Bohr
magneton µB, and Zeeman splitting b > 0). Since an
electron in the left or right orbital experiences a dis-
tinct magnetic field coupling to its spin, the inhomoge-
neous magnetic field induces a coupling between spin
and orbital degrees-of-freedom proportional to the dif-
ference field, ∆B ≡ BL−BR [29, 35]. In addition, the
right dot is taken to be sensitive to the zero-point volt-
age V 0rms of a coplanar-waveguide resonator through a
capacitive finger [Fig. 1(c)] with lever arm α, which
couples microwave photons in the resonator to the or-
bital degree-of-freedom of the electron [36, 37]. Intro-
ducing the double-dot detuning ε, tunnel splitting Ω,
and resonator frequency ωr, we then model this device
with the Hamiltonian
H = 12 (ετz + Ωτx) + ~ωra
†a+ 12bσz +
1
4∆b · σ τz
+ eαV 0rms(a
† + a)(1− τz)/2. (1)
Here, a annihilates a microwave photon in the
resonator, σ = (σx, σy, σz) is the vector of Pauli
operators describing the electron spin and we have also
introduced Pauli operators associated with the orbital
states: τx = |L〉〈R| + |R〉〈L| and τz = |L〉〈L| − |R〉〈R|
[note, in particular, that (1 − τz)/2 = |R〉〈R| in the
second line of Eq. (1)]. The difference field leads to the
term ∆b ≡ g∗µB∆B = g∗µB(BL−BR). Without loss
of generality, in what follows we choose a coordinate
system so that ∆b = ∆bxxˆ + ∆bz zˆ lies in the x-z
plane.
The orbital part of Eq. (1) can be diagonalized
by transforming to the basis of double-dot eigenstates
|+〉 = cos θ2 |L〉 + sin θ2 |R〉 and |−〉 = − sin θ2 |L〉 +
cos θ2 |R〉, with associated eigenenergies ±d/2 =
±√ε2 + Ω2/2, and where tan θ = Ω/ε (see Appendix
A). We then rewrite the transformed total Hamiltonian
(H˜ = R†y(θ)HRy(θ), Ry(θ) = e
−iθτy/2) as H˜ =
H˜0 + V˜ , separating H˜ into contributions that are
purely diagonal (H˜0) and purely off-diagonal (V˜ ) in
the basis of states |s d n〉, where σz-eigenstates are
labeled by s ∈ {↑, ↓}, double-dot orbital states are
labeled by d ∈ {+,−}, and n ∈ {0, 1, 2, . . .} gives the
number of microwave photons in the resonator. The
off-diagonal contribution V˜ contains spin-charge (∝
∆bx, ∆bz) and charge-resonator couplings (∝ eαV 0rms),
and thus couples the spin to the resonator through
virtual transitions to the orbital excited state |+〉 of
the double quantum dot, as shown in Fig. 1(d) (red
arrows). The term proportional to ∆bx 6= 0 [magnetic-
field configuration in Fig. 1(a)] creates or destroys an
|L〉 |R〉
BR
(a)
x
zy
BL
|L〉 |R〉
BR
(b)
BL
(c)
| ↓ − 0〉
| ↑ − 0〉 | ↓ − 1〉
| ↓ +0〉
∆bx eαV 0rms
b ~ωr
ǫd
∆bz
(d)
Figure 1. Scheme to achieve strong coupling of a single electron
spin to a coplanar waveguide resonator. (a), (b) Spin-charge
coupling is achieved in a double quantum dot with left (|L〉)
and right (|R〉) orbital states by means of an inhomogeneous
magnetic field. BL/R is the magnetic field associated with
the orbital state |L/R〉. Inhomogeneity in the magnetic field
may be (a) transverse, or (b) longitudinal with respect to the
quantization axis of the electron spin, z. (c) Charge-resonator
coupling is achieved through capacitive coupling to the right
(or left) dot only. (d) Energy level structure of the system in
the basis formed by the bare eigenstates of the electron spin
(↑, ↓), double quantum dot (±), and resonator (n = 0, 1, ...),
in the absence of spin-charge and charge-resonator coupling.
Introducing spin-charge (∝ ∆bx, ∆bz) and charge-resonator
(∝ eαV 0rms) couplings generates virtual transitions indicated by
the red arrows, where ∆bx = bxL − bxR and ∆bz = bzL − bzR, with
bx,z
L(R)
the x and z components of the left (right) Zeeman field,
e is the elementary charge, V 0rms is the zero-point voltage of the
resonator and α is the lever arm of the dot-resonator coupling. In
addition, d, b, and ~ωr are the double-dot, spin, and resonator
energy splittings, respectively.
orbital excitation while flipping the spin. This leads
to a transverse (spin-non-conserving) coupling to the
resonator. In contrast, the term ∝ ∆bz 6= 0 [magnetic
field configuration in Fig. 1(b)] creates or destroys an
orbital excitation while preserving σz, leading to a
longitudinal (spin-conserving) coupling.
To derive a low-energy effective Hamiltonian, we
find a Schrieffer-Wolff transformation eSH˜e−S that
eliminates the off-diagonal coupling V˜ at leading order.
Taking d > b, ~ωr, we then project onto the (dressed)
orbital ground-state manifold of the double quantum
dot, {|s − n〉′} = {e−S |s − n〉}. Neglecting a constant
shift and counter-rotating terms in a rotating-wave
approximation, we arrive at the following projected
effective spin-resonator Hamiltonian, valid to second
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order in V˜ (see Appendix A for details):
H ′ = H ′0 + V
′, (2)
H ′0 =
b′
2
σz + ~ω′ra†a, (3)
V ′ = ~gx(a†σ− + aσ+) + ~gz(a+ a†)σz, (4)
where b′ = b+χs− χ˜s and ~ω′r = ~ωr−χr with energy
shifts χs, χ˜s, and χr given explicitly in Appendix A.
These shifts can be incorporated directly into the spin-
resonator dynamics, but for simplicity we will take
b′ ' b and ω′r ' ωr in our explicit calculations and
estimates that follow.
In Eq. (4), we have dropped counter-rotating
terms ∝ ∆bx (a†σ+ + aσ−) and squeezing terms ∝
eαV 0rms(a
2 + a†2) (sufficient conditions for this are
b, ~ωr  ∆bx, eαV 0rms, and |b − ~ωr| . ~gx), but
we retain longitudinal-coupling terms ∝ ∆bzσz(a +
a†), which can become resonant if the parameter
gz is modulated (see below). The transverse- and
longitudinal-coupling parameters are given by
~gx=∆bx
eαV 0rmsΩ
2
8d
(
1
2d − b2
+
1
2d − ~2ω2r
)
, (5)
~gz=∆bz
eαV 0rmsΩ
2
8d
(
1
2d
+
1
2d − ~2ω2r
)
. (6)
In general, there are corrections to H ′ at third
and higher order in the off-diagonal coupling V˜ (see
Appendix A). Neglecting these corrections is justified
provided all off-diagonal matrix elements are small
compared to the associated excitation energies, i.e.:
|∆bz|  d, |∆bx|  |d ± b|, |eαV 0rms|  |d ± ~ωr|
[see Fig. 1(d)].
The coupling parameters gx and gz can be
controlled through rapid electric tuning of either the
double-dot detuning ε or the tunnel splitting Ω (recall
d =
√
ε2 + Ω2). To avoid Landau-Zener transitions
to the excited orbital manifold {|s+ n〉′} (which
would invalidate the use of the projected effective
Hamiltonian), ε and Ω must still be tuned sufficiently
slowly. For example, for the double-dot detuning ε,
the standard condition for an adiabatic Landau-Zener
sweep is [38, 39]: ∣∣∣∣~dεdt
∣∣∣∣ < 2piΩ2. (7)
Provided Eq. (7) is satisfied, rapid manipulation of
the detuning can be used to perform useful quantum
operations. Indeed, the coupling gx is suppressed when
taking ε  Ω, and maximized at ε = 0. Taking the
spin and the resonator to be resonant (~ωr = b) and
briefly tuning ε to zero (resulting in a large gx) then
generates a quantum state transfer between the spin
and the resonator through the transverse coupling [40].
This transverse coupling is also a useful resource for
two-qubit gates [41, 42, 43] and readout [44, 45].
To analyze the longitudinal coupling, we go to
the interaction picture with respect to H ′0: V
′
I (t) =
eiH
′
0t/~V ′e−iH
′
0t/~. The longitudinal-coupling term in
V ′I (t) (∝ gz) then oscillates at angular frequency ωr.
This term is thus negligible under a rotating-wave
approximation when ωr  gz for static gz. However,
it is possible to make this term resonant through
parametric modulation of gz at the dressed frequency
of the resonator, gz(t) = g
0
z + ∆gz cos(ωrt). The
longitudinal coupling then leads to a significant qubit-
state-dependent displacement of the cavity state which,
in combination with homodyne detection, produces a
qubit readout. It has been shown recently that this
longitudinal readout is faster than the usual dispersive
readout, which relies on transverse coupling [33]. In
addition, a parametric modulation of the longitudinal
coupling has recently been proposed to realize fast and
high-fidelity two-qubit gates [32].
3. Implementation
In this section, we perform detailed modeling for a
specific device that could realize the transverse and
longitudinal spin-resonator couplings derived in Sec. 2.
We consider a GaAs/AlGaAs heterostructure with a
two-dimensional electron gas (2DEG) at the position
X = 0. As shown in Fig. 2(a), depletion gates
at the surface (X = dh = 100 nm) are used to
electrostatically define a double quantum dot in the
2DEG. The origin of the coordinate system (X,Y, Z)
lies at the centroid of the mirror-symmetric double dot
(when ε = 0), in the plane of the 2DEG. The system
of coordinates (X,Y, Z) used in this section to describe
the device geometry does not necessarily coincide with
the system (x, y, z) used in Sec. 2 to describe the
inhomogeneous magnetic field. To provide the spin-
charge coupling term ∝ ∆b · στz given in Eq. (1), the
double dot is exposed to the stray magnetic field of a
nanometer-scale ferromagnet deposited on the surface
of the heterostructure [Fig. 2(b)].
Figure 2(a) shows the electrostatic potential V (ρ)
in the 2DEG, where ρ = (0, Y, Z) is the vector in the
2DEG plane, simulated using nextnano [46] for a given
set of gate voltages. The potential V (ρ) in the double
dot is well-approximated by a quadratic potential along
the Y -direction and a tilted quartic potential along the
Z-direction [21, 47]
V (ρ) =
m∗ω20
2
[
1
4a2
(
Z2 − a2)2 + Y 2]− εZ
a
. (8)
We will therefore use this analytic form in simulations
and estimates that follow. In Eq. (8), we have
introduced the inter-dot distance 2a, the confinement
energy ~ω0, and the effective mass m∗. The double-dot
detuning, ε, was introduced in Sec. 2. To accurately
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Figure 2. Spin-charge coupling with a nanomagnet. (a)
Depletion gates patterned on the surface (at vertical position
X = dv = 100 nm) of a GaAs/AlGaAs heterostructure are used
to define a double quantum dot in the 2DEG (X = 0) as depicted
in the simulation of the electrostatic potential (shaded region).
The coupling gate is connected to the central conductor of a
superconducting coplanar waveguide resonator as in Fig. 1(c).
(b) Top and side view of the nanomagnet design considered.
The center of a truncated-cone shaped FeCo nanomagnet of
magnetization M = 1.93 T, base radius 220 nm, top radius
150 nm, and thickness 300 nm is placed at the position (dh, 0, dv).
(c) Transverse (∆Bx, blue line) and longitudinal (∆Bz , green
dot-dashed line) magnetic field differences as a function of
horizontal displacement dh for a quartic potential [Eq. (8)] with
GaAs double-dot parameters a = 75 nm, ~ω0 = 1.25 meV and
m∗ = 0.067me (where me is the bare electron mass), resulting
in a tunnel splitting Ω/h = 19.1 GHz. The external field Bext is
fixed to 0.675 T, giving a Zeeman splitting b/h = 3 GHz for a g-
factor g∗ = −0.44 appropriate for bulk GaAs. Insets: schematic
representations of the average magnetic fields in each dot for
dh = 0 (transverse coupling) and dh = 168 nm (longitudinal
coupling).
determine both the effective Zeeman term and splitting
d of the orbital ground-state doublet, we numerically
solve the 2D Schro¨dinger equation with the potential
V (ρ) defined in Eq. (8). Unless otherwise specified,
throughout this paper we choose parameters that are
appropriate for a typical GaAs double quantum dot:
m∗ = 0.067me (me is the bare electron mass), g∗ =
−0.44, ~ω0 = 1.25 meV.
3.1. Spin-charge and charge-resonator couplings
To engineer a spin-orbital coupling, we consider a FeCo
nanomagnet [48] at the surface of the heterostructure
and displaced horizontally by dh from the center
of the double quantum dot along the Z-direction
[Fig. 2(b)]. The stray magnetic field BM(ρ) created
by the nanomagnet when magnetized at saturation by
an external in-plane magnetic field Bext = (0, 0, Bext)
along the Z-direction is simulated with Radia ‡.
Recent experiments have shown that such simulations
are quantitatively accurate [48, 49].
The total wavefunctions for the double-dot
ground-state doublet are ψ±(r) = 〈r| ±〉 =
χ0(X)φ±(ρ), where χ0(X) is the envelope function for
the lowest subband of the 2DEG and φ±(ρ) are the
2D envelope states found from numerically solving the
Schro¨dinger equation. For a typical 2DEG well width
of ∼ 5 nm, the magnetic field and 2D double-dot po-
tential vary slowly (on a length scale ∼ 100 nm) when
χ0(X) is appreciable. To a good approximation, the
field experienced by an electron in state ψ±(r) is then
independent of χ0(X) and is given by:
B± =
∫
dρ [Bext + BM(ρ)] |φ±(ρ)|2 . (9)
To approximate the average magnetic fields BL,R as-
sociated with the localized orbitals, in our simulations
we take
BL ≡ B−(ε = −εmax), (10)
BR ≡ B−(ε = +εmax), (11)
where εmax is the largest positive detuning at which
φ±(ρ) are numerically calculated (for simulations in
this paper, we choose εmax = 200µeV, which is larger
than the typical tunnel splitting we consider, Ω .
100µeV, guaranteeing a localized state). Equations
(9), (10), and (11) can then be used to estimate the
parameters in Eq. (1). Specifically, in our simulations
we take b = |g∗µBB| = |g∗µBB−(ε = 0)| [for strongly
localized single-dot orbitals, B−(ε = 0) ' (BL +
BR)/2] and we take ∆b = g
∗µB∆B = g∗µB(BL−BR),
with BL,R given by Eqs. (10) and (11).
We now evaluate B and ∆B within the system
of coordinates (x, y, z) introduced in Sec. 2. In this
system of coordinates, we take the z-axis to be defined
by the spin quantization axis at zero detuning (ε =
0). Figure 2(c) shows ∆Bx,z as a function of the
displacement dh locating the nanomagnet for typical
GaAs double-dot parameters (see Fig. 2 caption).
The specific double-dot parameters chosen here were
selected to achieve a tunnel splitting Ω/h = Ωopt/h =
19.1 GHz, optimizing the average state-transfer fidelity
‡ The Mathematica Radia package is available at
http://www.esrf.eu/.
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in the presence of spin relaxation (see Sec. 4.2, below).
For a symmetric configuration (dh = 0), ∆B
z = 0
while ∆Bx 6= 0 [left inset of Fig. 2(c)], leading to
a purely transverse spin-charge coupling. Notably,
there is an asymmetric configuration for which ∆Bx
vanishes while ∆Bz reaches a maximum [right inset of
Fig. 2(c)], leading to a purely longitudinal coupling.
The type of spin-charge coupling can therefore be
controlled simply through the relative position of the
nanomagnet and the double quantum dot. While the
position of the nanomagnet cannot be tuned in situ, the
single electron spin could be moved in a linear array of
quantum dots [50]. For a nanomagnet position dh such
that ∆Bz(x) vanishes, the corresponding non-vanishing
fields ∆Bx(z) reach 0.18 T with the parameters chosen
here.
As described in Sec. 2, electric-dipole coupling
of the double dot to a superconducting coplanar
waveguide resonator can be achieved by connecting
one of the electrostatic gates of the double quantum
dot to the central conductor of the resonator [36, 37].
In Fig. 2(a), an unbiased gate located above the right
dot is used as the coupling gate with a lever arm
estimated to be α ' 0.2 [37]. For a microwave
resonator with an impedance Z0 = 50 Ω, a frequency
ωr/2pi = 3 GHz and a zero-point voltage V
0
rms =
~ωr
√
2Z0/h = 0.77µV, we estimate a charge-resonator
coupling eαV 0rms/2h ' 19 MHz, in good agreement
with previous experiments [37, 51, 52, 53, 54]. For
fields ∆Bx,z ' 0.18 T (estimated above) and for g∗ =
−0.44 in GaAs, the spin-charge coupling strengths
are ∆bx,z/4h ' 280 MHz. For these parameters and
an estimated tunnel splitting Ω/h = 19.1 GHz, the
conditions for the perturbative effective Hamiltonian
given following Eq. (6) are very well satisfied.
3.2. Transverse spin-resonator coupling
We now focus on the transverse spin-resonator
coupling, enabling quantum state transfer between the
spin and the resonator. To this end, we set the two
systems on resonance at b/h = ωr/2pi = 3 GHz and
we choose dh = 0 so that the longitudinal coupling is
vanishingly small (gz ' 0). As illustrated in Fig. 1(d),
the spin-resonator coupling is mediated by the orbital
degree of freedom, leading to an ε- and Ω-dependent
transverse coupling gx. Figure 3(a) shows gx at ε = 0
evaluated from Eq. (5) as a function of Ω with a fixed
magnetic field distribution estimated in Fig. 2(c),
∆Bx = 0.179 T (blue solid line) and, for comparison,
with a fixed value ∆Bx = 0.030 T (black dash-dotted
line). In addition, we have calculated gx by numerically
solving the Schro¨dinger equation for the double-dot
potential given in Eq. (8) for ε = 0 and a range
of double-dot separations 2a (taking a = 69 nm to
a = 118 nm in steps of 1 nm). The resulting tunnel
Figure 3. Transverse spin-resonator coupling and electrical
control. (a) Transverse coupling gx/2pi from Eq. (5) at zero
detuning (ε = 0) and on resonance (b/h = ωr/2pi = 3 GHz) as a
function of the tunnel splitting Ω for a constant ∆Bx = 0.179 T
(blue line) and constant ∆Bx = 0.030 T (black dot-dashed line)
for eαV 0rms/2h = 19 MHz. Blue circles account for a small change
in ∆Bx as the tunnel-splitting is varied by tuning the double-
dot separation (see the discussion at the start of Sec. 3.2 for
details). An optimal tunnel splitting Ω/h = Ωopt/h = 19.1 GHz
is indicated for ∆Bx = 0.179 T. Selecting Ω = Ωopt minimizes
the effects of resonator damping and spin relaxation in the
presence of electron-phonon coupling for the typical GaAs device
parameters selected here (see Sec. 4.2 and Fig. 4, below). (b)
Transverse coupling gx/2pi as a function of the detuning ε for a
tunnel splitting of Ω/h = 3b/h = 9 GHz (green line) and for the
optimal tunnel splitting Ω/h = Ωopt/h (orange dot-dashed line)
of Fig. 4.
splitting d = Ω (at ε = 0) and the double-dot orbitals
φ±(ρ) are then used to determine ∆Bx = BxL − BxR
via Eqs. (10) and (11). Substituting these values into
Eq. (5) for gx results in the blue dots in Fig. 3(a), which
account for a weak dependence of ∆Bx on Ω that we
expect to be present in a real device.
The all-resonant situation Ω = b = ~ωr leads to a
divergent coupling strength as shown in Fig. 3(a). This
is expected from the perturbation theory described in
Sec. 2, which breaks down for Ω = b (d =
√
ε2 + Ω2 =
Ω when ε = 0) and for b = ~ωr. If instead we
choose a tunnel splitting Ω/h = 3b/h = 9 GHz [thus
respecting the criteria for perturbation theory given
following Eq. (6)], we find gx/2pi = 1.5 MHz. This
is more than four orders of magnitude stronger than
the magnetic-dipole coupling between the spin and the
resonator (gm/2pi ∼ 100 Hz [28]).
The transverse coupling is maximized when the
electron is delocalized in both dots at ε = 0. As shown
in Fig. 3(b), moving away from this zero-detuning point
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strongly suppresses the coupling. The on/off ratio of
the transverse coupling reaches more than 103 for a
reasonable detuning of 1 meV. Changes of the detuning
on a time scale much faster than 1/gx can be realized
using the detuning gates identified in Fig. 2(a) [55],
therefore realizing a tunable spin-resonator coupling.
4. Sources of error
As shown in Sec. 2, the spin-resonator coupling is
mediated by the orbital degree-of-freedom. This
coupling may lead to dephasing and relaxation in
the presence of charge noise and the electron-phonon
interaction. Here, we characterize the error in
a quantum state transfer between the qubit and
resonator, resulting from these error sources. We
follow a similar reasoning and notation to that given
in Ref. [56] for analogous error sources. We quantify
errors via the average fidelity
F =
∫
dψ〈ψ|U†0M(|ψ〉〈ψ|)U0|ψ〉. (12)
In Eq. (12), |ψ〉 = cos(ϑ/2)| ↓ 0〉 + eiφ sin(ϑ/2)| ↑ 0〉
is an arbitrary initial pure qubit state. Here, we
take the qubit to be initialized in the dressed orbital
groundspace, |sn〉 = |s− n〉′ = e−S |s− n〉, introduced
in Sec. 2. In the case of a quantum state transfer, U0 is
the ideal (error-free) unitary, U0|ψ〉 = cos(ϑ/2)| ↓ 0〉 −
ieiφ sin(ϑ/2)| ↓ 1〉, where the i phase factor appears
because the state transfer described here is equivalent
to an SU(2) rotation. M is a completely-positive
trace-preserving map representing the actual state
transfer, including error from, e.g., cavity damping,
spin relaxation, and dephasing. Finally, the integral
represents an average with respect to the Haar measure
dψ, here equivalent to a uniform average over pure
states on the surface of the Bloch sphere. Errors are
characterized by a finite infidelity, 1− F 6= 0.
4.1. Low-frequency charge noise
Low-frequency charge noise can be an important source
of dephasing for spin qubits whenever the qubit
energy splitting depends on the double-dot detuning
ε [57, 58]. Here, we account for this dephasing
mechanism through a stochastic double-dot detuning
term Vd = ξτz/2, leading to the total Hamiltonian
Htot = H + Vd, with H given in Eq. (1). We take
ξ to be a Gaussian random variable with expectation
value E(ξ) = 0 and variance E(ξ2) = σ2ξ . As
in Sec. 2, we derive an approximate effective low-
energy Hamiltonian, projected onto the dressed orbital
groundspace (see Appendix A.1): H ′tot = H
′ + V ′d.
Choosing ε = 0 to maximize the spin-resonator
coupling gives an effective spin-dephasing term
V ′d = −
∆bz
4Ω
ξσz, (ε = 0). (13)
From Eq. (12), we then evaluate the fidelity of a
quantum state transfer, accounting for inhomogeneous
broadening in ξ through the map M(|ψ〉〈ψ|) =
E(e−iH
′
tott/~|ψ〉〈ψ|eiH′tott/~), taking b = ~ωr and ε = 0.
The state transfer is complete (minimizing the leading-
order error) at t = pi/2gx. This gives the infidelity
(error) to second order in the dimensionless small
parameter ∆bzσξ/(Ω~gx) 1:
1− F ' 12 + pi
2
24
(
1− b
2
Ω2
)2(
∆bz
∆bx
)2(
σξ
eαV 0rms
)2
,
(14)
where we have used the expression for gx given in
Eq. (5).
The error described by Eq. (14) can be substantial
in a realistic setting. According to Fig. 2(c), ∆bz can
be suppressed by proper placement of the nanomagnet
above the double quantum dot. However, the
magnetic-field simulations presented in Sec. 3.1 imply
that a nanomagnet misalignment of 10 nm would lead
to ∆bz/∆bx ' 0.08. Fluctuations of the double-
dot detuning σξ ' 10 µeV have been reported in
both GaAs [57] and silicon [58] due to charge noise,
leading to σξ/eαV
0
rms ' 50 for eαV 0rms ' 0.2 µeV
(Sec. 3.1). For such strong detuning noise, and
assuming b/Ω  1, Eq. (14) leads to an error of
order 1. In the event of such a misalignment, for
a very slowly-varying noise source, the error can be
suppressed by narrowing the distribution of possible
values (learning the value of ξ) through parameter
estimation [59, 60, 61] or by performing a dynamical
decoupling sequence that averages the contribution ∼ ξ
to zero [62]. In particular, error due to inhomogeneous
broadening can be suppressed by combining the Carr-
Purcell dynamical-decoupling sequence (a train of pi-
pulses) with square-wave modulation of gx(t) in the
SQUADD (SQUare wave And Dynamical Decoupling)
protocol [56]. The error due to inhomogeneous
broadening under SQUADD is given directly from
Eq. (4) of Ref. [56]. Inserting a noise amplitude
∆bzσξ/(2Ω) [following Eq. (13) of this paper] and using
the expression for gx given by Eq. (5) in this paper,
from Eq. (4) of Ref. [56] we find a small error, 1−F '
0.8%, for a moderate number of decoupling pi pulses,
np = 30. For larger np the error is rapidly suppressed
(∝ 1/n4p). Importantly, SQUADD suppresses any
low-frequency noise afflicting the spin qubit, including
nuclear-spin noise. This sequence is thus especially
relevant for GaAs, since all nuclear isotopes of Ga and
As carry spin.
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4.2. Orbital relaxation
As mentioned above, to describe state transfer between
the spin and the resonator, we derive a projected
effective Hamiltonian H ′ acting on the manifold of
low-energy dressed states {|s− n〉′}. Spin-charge and
charge-resonator couplings result in an admixture of
the bare excited double-dot state |+〉 in the dressed
ground space of the double dot. This provides a
mechanism through which the spin and resonator can
relax into phonons via electron-phonon coupling [19].
To evaluate the state-transfer error that results
from this relaxation mechanism, we derive a low-
energy effective projected Hamiltonian starting from
the electron-phonon interaction (see Appendix A.2). In
this section, we assume ∆bz ' 0 so that pure-dephasing
due to charge noise, phonons, and the longitudinal-
coupling term are all negligible. In particular, we
assume the dominant sources of error are cavity
damping, spin flips and the conversion of resonator
photons into phonons, as described above. In this limit,
we derive a master equation for the system using a
standard Born-Markov treatment of dissipation [63].
We take ε = 0 to maximize gx, assuming Ω > b and
Ω > ~ωr. We further neglect phonon absorption at
low temperature, kBT  min(Ω − b,Ω − ~ωr, b, ~ωr).
In addition, we take the spin and the resonator to be
resonant (neglecting small energy shifts): b = ~ωr.
This leads to the effective master equation for the
density operator ρ(t) in the low-energy subspace of
spin-resonator states ({|sn〉 = |s− n〉′}):
ρ˙(t) = Lρ(t) = −i[H ′, ρ(t)]/~ + κ0D[a]ρ(t)
+ γd(b)D[usdσ− − udra]ρ(t), (15)
where κ0 is the bare resonator decay rate in the absence
of the double dot, the damping superoperators are
given by D[O]ρ(t) = Oρ(t)O† − 12 [O†Oρ(t) + ρ(t)O†O]
for a general operator O, γd(∆) gives the orbital
decay rate due to phonons for the double-dot with
orbital energy splitting ∆, and we have introduced
the dimensionless parameters (see also Appendix A.2
with ε = 0, b = ~ωr):
usd =
Ω ∆bx/2
Ω2 − b2 , udr =
Ω eαV 0rms
Ω2 − b2 . (16)
The parameters usd and udr quantify the degree
of admixture of |+〉 in the subspace {|s − n〉′}.
The perturbative approach presented here will yield
accurate predictions when usd  1, udr  1. In
the second line of Eq. (15), operators describing spin
and resonator decay appear within the same dissipator,
since these processes can interfere for b ' ~ωr.
In GaAs, both deformation-potential and piezo-
electric coupling mechanisms are relevant and the con-
duction band has a non-degenerate minimum. The rate
γd(b) can then be calculated explicitly in the long-
wavelength limit giving (from, e.g., taking the limit
kBT  b in Eq. (56) of Ref. [64]),
γd(b) =
[
Ξ2
3
(
b
~vLA
)4
+
4
35
(
1 +
4ζ2
3
)(
e e14
εdiel.
b
~vLA
)2]
× 9pi
~2
b
matω3D
|℘|2. (17)
For GaAs, Ξ = −8.6 eV is the volume deformation
potential for the conduction band minimum, ζ =
vLA/vTA, vLA = 5210 m/s and vTA = 3070 m/s are
the phase velocities of the transverse and longitudinal
acoustic branches, respectively, e is the fundamental
electric charge, e14 = −0.16 C/m2 is the only
nonvanishing element of the piezoelectric tensor,
εdiel. = 12.9 ε0 is the static dielectric constant, mat =
1.20 × 10−25 kg is the mass per lattice atom, and
ωD/2pi = 7.50 THz is the Debye frequency [65].
Finally, in Eq. (17), we have introduced the transition
dipole matrix element of the double quantum dot, ℘ =∫
dρρφ∗+(ρ)φ−(ρ). Equation (17) relies on a long-
wavelength approximation (see Appendix A.2), which
will lead to accurate predictions when the double-
dot separation 2a is much smaller than the minimum
wavelength of emitted phonons, λ = hvTA/b. For
b/h = ωr/2pi = 3 GHz, this condition (2a  hvTA/b)
translates to 2a 1 µm in GaAs.
To evaluate the fidelity, we substituteM[|ψ〉〈ψ|] =
eLt|ψ〉〈ψ| into Eq. (12), with L the Lindbladian defined
in Eq. (15). We assume that the error is small
(i.e., that the state-transfer time t = pi/2gx is short
compared to the typical spin-relaxation and resonator
damping times). To calculate the fidelity in this limit,
we expand the propagator eLt for small t = pi/2gx,
collecting terms at leading order in the dimensionless
small parameters κ0/gx, u
2
sdγd(b)/gx, and u
2
drγd(b)/gx.
Substituting the expressions for gx, usd, and udr given
in Eqs. (5) and (16), we find an infidelity
1− F ' pi
3
[ |Ω2 − b2|
eαV 0rms ∆b
x
~κ0
Ω
+
(eαV 0rms)
2 + (∆bx/2)2
eαV 0rms ∆b
x
Ω ~γd(b)
|Ω2 − b2|
]
. (18)
The first term in Eq. (18) gives the error arising from
intrinsic resonator damping (∝ κ0). The second term
[∝ γd(b)] describes the error from decay of the spin and
resonator into phonons. Figure 4 shows the error given
by Eq. (18) as a function of Ω/h for κ0/2pi = 0.1 MHz
(solid red line) and κ0/2pi = 0.025 MHz (dashed black
line).
The infidelity given by Eq. (18) diverges at a “hot
spot” for Ω = b due to enhanced decay into phonons
arising from an increased admixture of the bare double-
dot excited state [66, 67, 19]. Designing a double-dot
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with a large tunnel splitting Ω  b to avoid the hot
spot suppresses phonon emission, but will also increase
the required transfer time (t ∝ 1/gx ∝ Ω in this
limit), leading to a larger error due to cavity damping.
Because of this competition, there is an optimal value
of Ω > b that minimizes the error. The value Ω = Ωopt
that minimizes error in Eq. (18) is
Ωopt = b
√
1 + r +
√
1 + 2r
r
, (19)
r =
2κ0
γd(b)
b2
(eαV 0rms)
2 + (∆bx/2)2
. (20)
The optimal (maximum) fidelity F = Fmax for
Ω = Ωopt is given directly by substituting Eq. (19)
into Eq. (18). This gives
1− Fmax ' pi
3
√
κ0γd(b)
g˜2
, (21)
where ~g˜ is an energy scale that interpolates between
the spin-charge coupling (∼ ∆bx/2) and the charge-
resonator coupling (∼ eαV 0rms):
~g˜ =
eαV 0rms ∆b
x/2√
(eαV 0rms)
2 + (∆bx/2)2
. (22)
For the typical Zeeman splitting considered here
(b/h . 3 GHz) and in a GaAs device, the
phonon-induced decay rate γd(b) given by Eq. (17)
is dominated by the piezoelectric (rather than
deformation-potential) mechanism. For piezoelectric
phonons [the contribution ∝ e214 in Eq. (17)], γd(b) ∝
b3|℘|2. In addition, for a typical achievable magnetic
field gradient of ∆Bx ' 0.18 T in GaAs (g∗ = −0.44),
and for eαV 0rms ' 0.2µeV (estimated above), we have
|∆bx|/2  eαV 0rms. In this limit, g˜ ' eαV 0rms ∝ ~ωr,
where we have used V 0rms = ~ωr
√
2Z0/h ∝ ~ωr at
fixed impedance Z0. Substituting the above scaling
relations into Eq. (21) and taking ~ωr = b on resonance
then leads to 1 − Fmax ∝ |℘|√κ0ωr. To suppress
the error at the optimal tunnel splitting, it is thus
necessary to minimize not only cavity damping, but
also the resonator frequency and the dipole moment of
the double quantum dot.
In Eqs. (19) to (21), as a first approximation,
we have assumed that ∆bx and |℘| are independent
of Ω. In practice, however, Ω is tuned by changing
the distance between the two dots, leading to a
weak correlation between ∆bx, |℘| and Ω. We have
accounted for this correlation by numerically solving
the Schro¨dinger equation for a range of double-dot
separations [similar to the procedure described in
Sec. 3.2 to determine the blue dots in Fig. 3(a)]. This
procedure gives ∆bx and |℘| [which can be evaluated
from the double-dot orbitals φ±(ρ)] as a function of
0
0.1
0.2
0.3
0.4
3 5010
1
−
F
Ω/h (GHz)
Ωopt
Figure 4. State-transfer error due to spin and cavity decay
in the presence of electron-phonon coupling and cavity damping
[Eq. (18)]. The error shows a minimum at the optimal tunnel
splitting Ω = Ωopt. The parameters used for this plot are:
ωr/2pi = b/h = 3 GHz, ∆bx/4h = 294 MHz, eαV 0rms/2h =
18.7 MHz, |℘| = 67.8 nm. Material parameters for GaAs
are given in the main text following Eq. (17). Solid red line:
κ/2pi = 0.1 MHz. Dashed black line: κ/2pi = 0.025 MHz.
Blue dots: error calculated with Eq. (18), accounting for the
dependence of ∆bx and |℘| on the double-dot separation (which
controls Ω). The blue dots in this figure were produced using
the same procedure described at the beginning of Sec. 3.2.
Ω (given by the ground-state orbital level splitting at
ε = 0). Substituting the results into Eq. (18) then
gives the blue dots shown in Fig. 4.
Finally, in this section, we have neglected
contributions to spin relaxation arising from intrinsic
spin-orbit coupling [68, 69]. Theoretical treatments of
spin-orbit coupling have led to the prediction of hot
spots in the spin relaxation rate similar to that shown
in Fig. 4 [66, 67]. However, we expect the decay rate
due to spin-orbit coupling to be negligible compared
to the decay rates obtained above. Indeed, Fig. 4 of
Ref. [66] gives a spin-relaxation rate ' 102–103 s−1
for a single spin in a double quantum dot when taking
Ω/h = 19.1 GHz, B = 0.6 T, and a single-dot Bohr
radius (confinement length) ' 30 nm. In contrast,
Eq. (15) gives a much larger rate ' 105 s−1, also
assuming Ω/h = 19.1 GHz and using the parameters
given in the caption of Fig. 4, above.
5. Discussion
The fidelity of the quantum state transfer is optimized
in the previous section by fixing the Zeeman splitting
b to a close-to-minimal value of 3 GHz. The minimiza-
tion of thermal excitations with min(d, b, ~ωr) kBT
sets a lower bound on b = ~ωr to approximately 1 GHz
for T = 50 mK. A second constraint is set by the
minimal external field Bext necessary to fully magne-
tize the nanomagnet. For the design considered here,
the external magnetic field at saturation is approxi-
mately 0.6 T [48]. This puts a lower bound on b/h
to 2.9 GHz, which could be reduced by increasing the
shape anisotropy of the nanomagnet [48, 70].
In the proposed device, obtaining a 90% fidelity
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for a spin-resonator state transfer requires a resonator
with a linewidth of 0.1 MHz. Linewidths of
superconducting resonators on GaAs are currently
limited to approximately 0.4 MHz, probably due to
the piezoelectricity of GaAs [51, 71]. Etching away
the substrate in the gap between the central conductor
and the ground plane should therefore reduce the
linewidth [72, 73]. Losses from vortices induced by
an external field can be limited using superconducting
resonators designed to minimize vortex formation.
In such resonators, linewidths below 0.02 MHz in
an in-plane field up to 6 T have recently been
demonstrated [74]. A resonator linewidth below
0.1 MHz seems therefore feasible through careful
engineering of superconducting resonators on GaAs.
With all these ingredients, a proof-of-principle
experiment demonstrating coherent coupling of a single
spin to a microwave resonator may be possible in GaAs.
Furthermore, the proposed coupling scheme could be
implemented in other materials as it does not rely
on intrinsic properties of the host semiconductor of
the spin qubit. The absence of nuclear spins and
piezoelectric interaction with phonons in silicon should
result in much better fidelities. Like in GaAs, fast
electrical control of the spin qubit [35, 75] could be used
to mitigate charge dephasing using SQUADD [56].
In conclusion, we have considered a single-electron
spin in an inhomogeneous magnetic field in a double
quantum dot coupled to a microwave resonator. We
have shown that both transverse and longitudinal
interactions between the spin and the resonator arise
in this system. While the transverse interaction
is useful for a quantum state transfer between the
spin and the resonator, the longitudinal interaction
could be used to perform quantum nondemolition
spin readout [33] and two-qubit gates between distant
spins [21, 32]. We have also shown that with proper
placement of a nanomagnet in a quantum-dot device,
either purely transverse or purely longitudinal spin-
charge couplings can be achieved, leading to a spin-
resonator interaction strength reaching a few MHz.
Spin dephasing and relaxation, enhanced through the
spin-charge interaction, have been investigated in the
context of a state transfer. Using dynamical decoupling
and careful parameter optimization, we predict that a
state-transfer fidelity above 90% in a GaAs device is
within experimental reach.
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Appendix A. Effective Hamiltonians
In this Appendix, we derive the effective coupling
Hamiltonian H ′ [Eq. (2)], the effective pure-dephasing
Hamiltonian due to charge noise, V ′d [Eq. (13)], and the
effective electron-phonon coupling Hamiltonian, V ′e−ph,
that gives rise to the master equation describing spin
flips and dot-mediated resonator damping [Eq. (15)].
We first diagonalize the orbital part of the starting
Hamiltonian H [Eq. (1)]:
H˜ =R†y(θ)HRy(θ), (A.1)
Ry(θ) = e
−iτyθ/2, tan θ =
Ω
ε
. (A.2)
The rotated Hamiltonian is then divided in two parts:
H˜ = H˜0 + V˜ , where H˜0 is diagonal and V˜ is
purely off-diagonal in the basis {|sdn〉} of simultaneous
eigenstates of spin (σz), double-dot orbital (τz),
and microwave-photon number operator (n = a†a).
We then perform a further unitary (Schrieffer-Wolff)
transformation:
eSH˜e−S = H˜0 + V˜ +
[
S, H˜0
]
+
1
2
[
S,
[
S, H˜0
]]
+
[
S, V˜
]
+ . . . , (A.3)
parametrized by the antiunitary operator S† = −S.
To approximately diagonalize H˜, we require that the
terms ∼ O(V˜ ) in Eq. (A.3) vanish by choosing an S
that satisfies
V˜ +
[
S, H˜0
]
= 0. (A.4)
The solution to Eq. (A.4) can be expressed formally
as S = L˜−10 V˜ where L˜0O = [H˜0, O]. Evaluating
commutators term-by-term and inverting then gives
S =
ε∆bx
4bd
τzσ+ +
Ω∆bz
42d
σzτ− +
(
1− ετz
d
)
eαV 0rms
2~ωr
a†
+
Ω∆bx
4d(d − b) σ+τ− +
Ω∆bx
4d(d + b)
σ−τ−
+
ΩeαV 0rms
2d(d − ~ωr) aτ+ +
ΩeαV 0rms
2d(d + ~ωr)
a†τ+
−H.c.. (A.5)
Finally, we project onto the low-energy orbital ground
space (corresponding to τz = −1 in H˜) with an
asymmetric projection operator P− =
∑
sn |s− n〉 〈sn|
to arrive at an effective Hamiltonian for only the spin-
and resonator degrees-of-freedom:
Heff =P
†
−
(
eSH˜e−S
)
P− (A.6)
=P †−
(
H˜0 +
1
2
[
S, V˜
])
P− +O
(
V˜ 3
)
(A.7)
=H ′ +HCR +Hsq + const.+O
(
V˜ 3
)
. (A.8)
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The final spin-resonator Hamiltonian H ′ given in
Eq. (2) of the main text neglects counter-rotating terms
HCR ∝ ∆bx (σ−a+ H.c.), squeezing terms Hsq ∝
eαV 0rms(a
2 + a†2), an overall constant, and further
corrections of order ∼ O(V˜ 3). From Eq. (A.6), it
is clear that this procedure is equivalent to a direct
projection of H into the dressed orbital groundspace{|s− n〉′} = {e−S |s− n〉}.
In addition to the spin-resonator coupling, the
projected Hamiltonian H ′ contains a Lamb shift for
the spin,
χs =
(ε∆bx)2
8b2d
− b(Ω∆b
x)2
82d(
2
d − b2)
, (A.9)
and ac-Stark shifts for the spin (χ˜s) and the resonator
(χr):
χ˜s =
ε∆bz
2d
, χr =
(ΩeαV 0rms)
2
2d(2d − ~2ω2r )
. (A.10)
Appendix A.1. Effective pure-dephasing Hamiltonian
To arrive at a leading-order effective Hamiltonian
describing pure dephasing due to low-frequency charge
noise, we follow a similar procedure to that outlined
above. Defining V˜d = R
†
y(θ)VdRy(θ) with Vd = ξτz/2,
we find an effective dephasing Hamiltonian:
V effd =P
†
−
(
eS V˜de
−S
)
P−, (A.11)
=P †−
(
V˜d +
[
S, V˜d
])
P− +O
(
V˜dV˜
2
)
, (A.12)
=V ′d + Vd,CR +O
(
V˜dV˜
2
)
. (A.13)
The effective Hamiltonian V ′d ∼ O
(
VdV˜
)
given in
Eq. (13) of the main text for the special case ε = 0
neglects counter-rotating terms Vd,CR (∝ a, a†, σ±) and
corrections that are of order ∼ O
(
V˜dV˜
2
)
or higher.
Appendix A.2. Effective phonon coupling
Here we derive the effective spin-phonon and resonator-
phonon couplings relevant for Sec. 4.2 of the main text.
We begin from the general electron-phonon coupling
(see, e.g., Ref. [76])
He−ph =
∑
qλ
Aqλρq(bqλ + b
†
−qλ), (A.14)
where Aqλ = A
∗
−qλ are coupling constants for
phonons of wavevector q and branch λ with associated
annihilation operators bqλ. The electron density
operator can be written as ρq =
∑
αβ c
†
αcβSαβ(q)
with form factors Sαβ(q) =
∫
d3re−iq·rψ∗α(r)ψβ(r).
Here, cα annihilates an electron in orbital state ψα(r)
({ψα(r)} is taken to form a complete orthonormal
set). We project onto the double-dot orbital ground-
state doublet {|±〉} and make the long-wavelength
approximation, Sαβ(q) ' −iq · 〈α|rˆ|β〉. For real
wavefunctions ψ±(r) = ψ∗±(r), the dipole transition
matrix element is ℘ = 〈+|rˆ|−〉 = 〈−|rˆ|+〉. At
zero detuning (ε = 0), the wavefunctions ψ±(r) are
symmetric about r = 0 giving: 〈+|rˆ|+〉 = 〈−|rˆ|−〉 = 0.
The projected density operator, written in the basis of
states |±〉 then reads
ρ˜q = −iq · ℘τx + const., (A.15)
where here, τx = |+〉〈−| + |−〉〈+|. Substituting ρq in
Eq. (A.14) with ρ˜q and neglecting the constant term in
Eq. (A.15) gives the effective electron-phonon coupling
H˜e−ph = Xτx; X =
∑
qλ
αqλ(bqλ + b
†
−qλ), (A.16)
where αqλ = −iq · ℘Aqλ.
Following the same procedure described in
Appendix A.1, we then find the approximate effective
spin-phonon and resonator-phonon interactions from
the projected low-energy Hamiltonian:
V ′e−ph = P
†
−
(
H˜e−ph +
[
S, H˜e−ph
])
P−, (A.17)
=
[
uφσz + usdσx − udr(a+ a†)
]
X, (A.18)
where uφ = Ω∆b
z/(2Ω2), usd = Ω(∆b
x/2)/(Ω2 − b2),
and udr = ΩeαV
0
rms/[Ω
2 − (~ωr)2]. The term ∼ uφ ∝
∆bz gives rise to spin dephasing in the presence of a
phonon bath, the term due to the spin-dot coupling
∼ usd ∝ ∆bx gives rise to spin flips in combination
with phonon absorption/emission, and the term due
to the dot-resonator coupling ∼ udr ∝ V 0rms converts
between microwave-resonator photons and phonons.
The first term in Eq. (A.18) leads to loss of spin
coherence [77]. It may be that the error introduced
by the term ∝ uφ is comparable to that induced by
the terms ∝ usd, udr at short times when ∆bz is not
negligible. For simplicity, in the main text we have
restricted our attention to the case of a near-ideal state
transfer, where ∆bz = 0 (and hence, uφ = 0).
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